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Abstract. This paper reports on recent developments concerning some mathematical
models describing evolutionary processes, such as: electric and electronic transmission,
convection-diffusion-reaction processes, flurd dynamics, etc. A special attention is paid
to boundary value problems (BVPs) with singular perturbations generated by negligible
parameters. Depending on the physical model, the small parameter may represent induc-
tance, diffusion, viscosity, etc. The corresponding reduced models are simpler, but differ
in character from the original models. So, an asymptotic analysis is necessary to validate
the reduced models. This analysis is based on a deep existence theory, including results on
higher regularity of solutions and on estimates showing that the corresponding asymptotic
expansions are valid with respect to different norms. Sometimes, instead of a boundary
layer, an interior layer may occur inside the spatial domain. This is the case when deal-
ing with coupled BVPs. The reduced models are more appropriate even from a numerical
point of view. In particular, the Navier-Stokes models are replaced by coupled Navier-
Stokes/Euler models to reduce the computational cost. This is based on the fact that in a
large sub-domain of the flow field the viscosity effect is negligible. Using singular perturba-
tion theory, we can associate transmission conditions that fit the real physical model. So,
domain decomposition methods can be developed for fluid flow problems, including specific
models of Magneto-Plasma-Dynamics.



1 ELECTRIC AND ELECTRONIC TRANSMISSION
Propagation in electric transmission lines (circuits) is described by the so-called tele-
graph system

{ Lu; + vy + ru = E(z, t), (TS)

Cvy 4 uy + gv = 0,

where u = u(z,t) represents the current at the point =z € [0, 1] of the line (the length
of the line is assumed to be = 1), at time ¢ € [0,7], where T > 0 is a fixed time
instant; v = v(z,t) stands for the voltage across the line; r, g, L, C represent resistance,
conductance, inductance, and capacitance per unit length, respectively; E = E(x,t) is
the voltage per unit length impressed along the line in series with it. For simplicity we
assume that r, g, L, C are all constants, r > 0, g > 0, L >0, C > 0. With system (7'S)
we associate initial conditions

uw(z,0) =uplz) ;. vlz0) =wlz), 0<2z<1, 10)

and boundary conditions (BCs). For example, if we assume that at the end z = 0 of the
line we have a resistor only, then the corresponding boundary condition is given by the
classical Ohm'’s law:

rou(0,¢) + v(0,t) =0, t € [0,T]. (BC.1)

Let us suppose that at the end z = 1 of the circuit we insert a capacitance and a non-
linear resistor, which are connected in parallel. Then we obtain the following (nonlinear)
boundary condition

u(1,t) = cve(1,t) + fo(v(1,t)), te[0,T). (BC.2)
If the capacitance is absent, then
u(l,t) = fo(v(L,1)), t€[0,T]. (BC.3)

These are some specific examples of (BCs). There are many other types of (BCs). Also, it
is worth mentioning that in the case of integrated circuits we have a PDE system consisting
of n telegraph systems in (u;, v;), i = 1,2,--+,n (instead of (T'S)). All these equations
are connected by means of the boundary conditions (which are algebraic or algebraic-
differential equations in u;(0,t), v;(0,t), ui(1,t), v;(1,¢)). Certainly, such problems may
be more difficult, but the general method is similar. Notice also that such problems, or
similar ones, are models for many other physical applications.

We are going to outline how to study such problems when a small parameter is present
making them singularly perturbed. We shall restrict our investigation to the boundary
value problems (7'S), (IC), (BC.1) — (BC.j), where j = 2,3. Consider that L =¢ > 0
is a small parameter (this happens in the case of small frequencies) and that C' = 1 (this
assumption does not restrict the generality of the problem). We may consider general
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